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Abstract 
Quantitative method in portfolio selection is a fascinating issue to make a decision in investment. Portfolio optimization is a very 
important to manage investment risk. There are many papers dealing with the Markowitz portfolio model, but not all of the papers 
studied about positive weight portfolio or no short sale constrained portfolio. Positive weight portfolio describes that short sale is 
allowed for the investor. While, short sale is banned in a certain economic condition due to its ability in decreasing stock market 
index. Besides, Islamic capital market does not allow speculative transaction such as short selling. Hence, portfolio with no short 
sale constraint is needed. This study aims to build Global Minimum Variance Portfolio (GMVP) with no short sale constraint. The 
GMVP with positive asset allocation based on Markowitz model can be built by using quadratic programming with interior point 
method. The main theory applied in this research is Markowitz portfolio optimization model. Mean and variance of stocks closing 
price are two things that should be considered in this model. The result shows that the positive weight of GMVP includes 0% of 
ADRO shares; 2, 65% of ANTM shares; 0% of CTRA shares; 30,27% of EXCL shares; 37,21% of ICBP shares; 3,37% of INCO shares; 
13,89% of KLBF shares; 0% of PGAS shares; and 12,61% of PTBA shares.   
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1. INTRODUCTION 
Money is a very important thing in everyday life. People need money to afford basic necessities such 
as food, clothing, and accommodations. People who are lack of money will try to get loan with the lowest 
interest, while people who have much money will look for the greatest return investment alternatives.  
“High risk, high return” is a basic principle in investing. Therefore, investors have to manage investment 
risks by implementing a risk management strategy named portfolio diversification.  
Diversification defined as a risk management strategy where the investors invest money in different 
asset to minimize the risk of portfolio. Based on the modern portfolio theory, if the number of securities in a 
portfolio increases, then the portfolio risks decrease [1]. This is corresponding with a basic advice in 
investment that “Don’t put your eggs in one basket”. Modern portfolio theory was pioneered by Harry 
Markowitz in 1952 [2]. Markowitz portfolio model combines assets to maximize the return that investors 
could obtain in investment portfolio by considering the risk.  
There are many papers dealing with the modification of Markowitz portfolio model. One of the 
modifications is Global Minimum Variance Portfolio (GMVP). GMVP is a kind of stock portfolio that 
provide the lowest variance appropriate with the budget constraint [3]. In other words, GMVP has the 
smallest variance among all portfolios for giving investors the lowest risk portfolio. Based on the ability in 
performing short sale, GMVP consists of two variations; GMVP with short sale and GMVP with no short 
sale. Short selling is a transaction activity done by an investor who borrows a security and sells it again on 
the open market with the expectancy it will decrease in value and the investors can close the trade to obtain 
profit [4]. Short sale is allowed in a portfolio when the weight of an asset is negative. A negative portfolio 
weight describes that the investor sells the asset by shorting it, instead of buying the asset. Sometimes, short 
sale is banned in a certain economic condition due to its ability in decreasing stock market index [5]. 
Besides, Islamic capital market does not allow speculative transaction such as short selling [6,7]. Hence, 
portfolio with no short sale constraint is needed. 
This article deals with the issue of the application of quadratic programming solved by interior point 
method to build a GMVP with no short sale constraint. The main theory applied in this research is 
Markowitz portfolio optimization model. Mean and variance of stocks closing price are two things that 
should be considered in this model. The research objective is finding the optimum allocation or positive 
weights of the portfolio by minimizing the risk and maximizing the return at the same time. Enriching the 
empirical studies of portfolio building is the benefit of this research. This study is also expected to be an 
inspiration in building positive weights portfolio, such as portfolio from sharia capital market. Besides, an 
investor from a country with a certain economic condition where short sale is not allowed could consider 
this study to build a portfolio. 
A number of portfolios building strategies have been proposed to enrich the empirical studies of the 
minimum variance portfolio. A. John, A. I. Lagubayom, and A.-P. J [8] built global minimum variance 
portfolio using matrix approach. P.Boyle [9] studied a solution in positive weight portfolio that is close to 
the Levy-Roll, but the method required a specific input expected return factor. Besides, many researchers 
have been done the previous studies about the application of quadratic programming in building a portfolio. 
X.-L.Wu and Y.-K. Liu [10] applied robust approach in optimizing fuzzy portfolio selection by parametric 
quadratic programming. A. Yousfat [11] built a portfolio of Malaysia stocks using quadratic approach. M. 
Praptiningsih [12] applied Markowitz model in building GMVP of Indonesia stock. A. S. Onanaye and P. 
O. Agbolamagbin [13] applied quadratic programming with simplex method to optimize a portfolio. 
This article is arranged as the following. The first section, preliminary contains research rationale and 
the formulation of research objectives. The explanation of research method is written in section II.  The 
results and discussion are including in section III. The last section contains the conclusion of the research. 
 
 
2. RESEARCH METHODS 
2.1 Data 
The portfolio selection is based on the Jakarta Stock Exchange data. It consists of nine Indonesia 
firms’ stocks from LQ45 index. They are ADRO, ANTM, CTRA, EXCL, ICBP, INCO, KLBF, PGAS, 
PTBA. This study applied daily closing price data from June 1, 2017 to November 29, 2019. The nine firm 
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stock are considered to be in the portfolio because all of them are available in LQ45 index during the range 
time. Besides, all of the nine firm stock give the positive mean of return. Furthermore, this study also uses 
BI-7 Day Reverse Repo Rate data that associate with the range time as risk free asset. 
 
2.2 Return 
Return is defined as the investment money gain or lost over certain period of time [14]. Mathematically, the 







 𝑹𝒕𝒊 : the return of asset 𝒊 at time 𝒕 
𝒑𝒕𝒊  : the current closing asset price 𝒊  index at time 𝒕 
𝒑𝒕−𝟏𝒊  : the previous closing asset price 𝒊 
 
Expected return of portfolio is the probable return of a portfolio based on past returns [15]. The expected return 
of portfolio can be expressed as follows: 
 
𝑬[𝑹𝒑] = ∑ 𝒙𝒊𝑬[𝑹𝒊] = 𝝁
𝑻𝒙𝑵𝒊=𝟏   (2)  
 
where: 
 𝝁 : expected return of each asset 𝒋 matrix in the portfolio  
𝒙  : weight of each asset 𝒋 matrix in the portfolio 
𝐸[𝑅𝑝]  : expected return of portfolio 
𝑅𝑝  : return of portfolio 
𝑁  : the number of assets in the portfolio 
 
2.3 Variance and Standard Deviation 
The term of variance is defined as a value that measures the spread among numbers in a data set. Variance is 
the squared of standard deviation. It is used to determine the volatility of an asset. Portfolio return variance that consist 
of N asset is expressed using the following formula: 
 
𝝈𝒑
𝟐 = ∑ 𝒙𝒊
𝟐𝝈𝒊





𝒙𝑻𝚺𝒙𝑵𝒊=𝟏   (3) 
 
where: 
𝜎𝑖𝑗   : covariance of the 𝑖
𝑡ℎ and 𝑗𝑡ℎ assets  
𝜎𝑝
2  : portfolio variance 
𝑥𝑖  : weight of the 𝑖
𝑡ℎ asset in the portfolio,  𝑥𝑖  =
𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑖𝑡ℎ 𝑖𝑛𝑣𝑒𝑠𝑡𝑚𝑒𝑛𝑡 
𝑡𝑜𝑡𝑎𝑙 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑝𝑜𝑟𝑓𝑜𝑙𝑖𝑜
 
Σ  : hessian matrix, Σ ∈ ℝn×n 
 
𝑥𝑇Σ𝑥 ≥ 0 ∀𝑥 , the hessian matrix Σ is a semi-definite matrix. The hessian matrix Σ can also assumed as 
positive definite matrix. Basically, both of the assumptions are applied to express that there are no 
abundant assets. 
 
2.3 Optimizing Portfolio Weights 
The main theory applied in this research is Markowitz portfolio optimization model. The assumptions 
of the model are single period investment; no transaction fees; investor preference is based on expected 
return and portfolio risk; no short sale constraint. 
Quadratic programming is a linearly constrained optimization problem with a quadratic objective 
function [11]. The general form of quadratic programming is: 





𝑥𝑇Σ𝑥 + 𝑐𝑇𝑥 
𝑠. 𝑡. 𝐴𝑥 = 𝑏
𝑥 ≥ 0
 (4)   
Based on the general form (4), the value of 𝑥 will be determined by minimizing the objective function 
1
2
𝑥𝑇Σ𝑥 + 𝑐𝑇𝑥  with 𝐴𝑥 = 𝑏 and 𝑥 ≥ 0 as the constraints. 
where: 
𝑥  : 𝑛 × 1 optimization variable vector  
𝐴  : 𝑛 ×𝑚 constraint coefficient vector  
𝑏  : 𝑚 × 1 right-hand side of constraints equation vector  
𝑐  : 𝑛 × 1 vector consisting of linear term in the constraint function  
Σ  : Hessian matrix consisting of quadratic term or miscellaneous term of objective function, Σ ∈ ℝn×n 











𝑠. 𝑡. ∑ 𝑥𝑖 = 1 
𝑁
𝑖=1 , 𝑖 = 1, …𝑁
𝐸[𝑅𝑝] = ∑ 𝑥𝑖  × 𝐸[𝑅𝑖]
𝑁
𝑖=1 ≥ 𝐸[𝑅𝑖]
̅̅ ̅̅ ̅̅ ̅
𝑥 ≥ 0
  (5) 
 
Based on the optimization problem (5), the weights of each asset 𝑥(𝑥1, 𝑥2, … , 𝑥𝑁) that minimalized the 
objective function or the variance 𝑓 will be determined. There are three constraints in the optimization 
problem (5): 
1. The first constraint denotes that total assets weight of the portfolio is equal to 1. 
2. The second constraint denotes that the expected portfolio return is greater than or equals to expected 
return. Return of global minimum portfolio is appropriated with the value of variance that is greater 
than or equals to 0. 
3. The third constraint denotes that the portfolio weights have to be positive or no short sale allowed. 
 
The weight of each assets determined by primal dual interior point method. The optimization problem (4) is 
written as the follows: 
 
𝑚𝑖𝑛𝑥 𝑓 =  𝑥1
2𝜎1
2 + 𝑥1𝑥2𝜎12 +⋯+ 𝑥1𝑥𝑁𝜎1𝑁 + 𝑥2𝑥1𝜎21 + 𝑥2
2𝜎2
2 +⋯




𝑠. 𝑡                𝑥1+𝑥2 +⋯+ 𝑥𝑁 = 1 (7) 
 𝐸(𝑅1)𝑥1+𝐸(𝑅2)𝑥2 +⋯+ 𝐸(𝑅𝑁)𝑥𝑁 − 𝑥𝑁+1 = 𝐸[𝑅𝑖]̅̅ ̅̅ ̅̅ ̅ (8) 
𝑥1 ≥ 0, 𝑥2 ≥ 0,… . , 𝑥𝑁 ≥ 0 , 𝑥𝑁+1 ≥ 0 (9) 
  
𝑥𝑁+1 is an addition slack variable for converting inequality to equality.  
 
Constraints (7) and (8) can be written as constraints coefficient matrix, 𝐴. 
 
𝐴 = [
1 1 … 1 0
𝐸(𝑅1) 𝐸(𝑅2) … 𝐸(𝑅𝑁) −1
]  (10) 
 




𝐸[𝑅𝑖]̅̅ ̅̅ ̅̅ ̅
]  (11) 
 
The variance covariance matrix is written as follows: 
 







2 𝜎12 ⋯ 𝜎1𝑁
𝜎21 𝜎2
2 ⋯ 𝜎2𝑁
⋮ ⋮ ⋱ ⋮







In order equation (6) fulfill the quadratic form 𝑓(𝑥) =
1
2
𝑥𝑇Σ𝑥, then the Hessian matrix Σ is expressed like 







2 2𝜎12 ⋯ 2𝜎1𝑁
2𝜎21 2𝜎2
2 ⋯ 2𝜎2𝑁
⋮ ⋮ ⋱ ⋮





  (13) 
 
The objective of adding 0 in the last row and last column of Σ∗ is to appropriate the Hessian matrix Σ with 









2 2𝜎12 ⋯ 2𝜎1𝑁 0
2𝜎21 2𝜎2
2 ⋯ 2𝜎2𝑁 0
⋮ ⋮ ⋱ ⋮ 0
2𝜎𝑁1 2𝜎𝑁2 ⋯ 2𝜎𝑁
2 0





  (14) 
 
Lagrange function of optimization problem (5) is expressed as follows: 
 
𝐿(𝑥, 𝑣, 𝛾) =
1
2
𝑥𝑇Σ𝑥 + 𝑣𝑇(𝑏 − 𝐴𝑥) − 𝛾 ∑ ln (𝑥𝑖)𝑖   (15) 
 
where: 
𝑣  : Lagrange multiplier  
𝛾  : multiplier of barrier term 
 
Lagrange function (15) is derived partially to 𝑥 and 𝑣, then dual feasibility and primal feasibility condition 
are obtained consecutively. 
 
Σ𝑥 − 𝐴𝑇𝑣 − 𝛾𝑋−1𝑒 = 0  (16) 
𝑏 − 𝐴𝑥 = 0   (17) 
 
The slackness condition is derived from 𝛾𝑋−1𝑒 in (16), then: 
 
𝑋𝑈𝑒 = 𝛾𝑒 (18) 
 
where: 
𝑋  : diagonal matrix of  𝑥𝑖 
𝑈  : diagonal matrix of  𝑢𝑖 
𝑒  : matrix of ones 
 
Non-linear equation in quadratic programming system is solved by Newton method. Vectors 𝑥, 𝑢, 𝑣 are the 
iteration initial points and the next iteration will be 𝑥 + 𝑑𝑥, 𝑢 + 𝑑𝑢, 𝑣 + 𝑑𝑣. The value of 𝑑𝑥, 𝑑𝑢, 𝑑𝑣 are 
















The distance between the initial value 𝑥, 𝑢, 𝑣 and the new value of 𝑥, 𝑢, 𝑣 is defined as step length. 
Mathematically, the step length denotes as following: 
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𝛼𝑝 = 𝛽 𝑀𝑖𝑛 [1,−
𝑥𝑖
𝑑𝑥𝑖
, 𝑑𝑥𝑖 < 0]  (20) 
 
𝛼𝑑 = 𝛽 𝑀𝑖𝑛 [1, −
𝑢𝑖
𝑑𝑢𝑖
, 𝑑𝑢𝑖 < 0]  (21) 
 
The value of parameter 𝛽 is between 0 and 1. The most frequently used value of 𝛽 = 0,999. Based from 
the iteration process, the new value of 𝑥, 𝑢, 𝑣 denote as follows: 
 
𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑝𝑑𝑥 (22) 
 
𝑢𝑘+1 = 𝜇𝑘 + 𝛼𝑑𝑑𝑢 (23) 
 
𝑣𝑘+1 = 𝑣𝑘 + 𝛼𝑑𝑑𝑣  (24) 
 
𝑘 denotes the number of iterations. 
There are three conditions that have to be fulfilled to determine the optimization of the obtained 
solution. They are feasibility convergence, dual feasibility convergence, and the complementary slackness.  
If the three conditions are fulfilled, then the Newton’s iteration stopped. The three conditions denote in the 











≤ 𝜖2   (26) 
 















3. RESULTS AND DISCUSSION 
This section is representing the result of the data analysis using the concept of building GMVP based 
on Markowitz model. The result computation of expected return and standard deviation of each asset is 
contained in the Table 1. 
 
Table 1. Expected return and standard deviation 
Assets Expected Return Standard Deviation 
ADRO 0,000015 0,026064 
ANTM 0,000272 0,025682 
CTRA 0,000179 0,026406 
EXCL 0,000585 0,028409 
ICBP 0,000507 0,014244 
INCO 0,001059 0,027041 
KLBF 0,000152 0,018316 
PGAS 0,000123 0,030786 
PTBA 0,000469 0,024724 
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The result of expected return and standard computation in Table 1 shows that ADRO, CTRA, and 
PGAS have high standard deviation and low expected return, while the others have high expected return 
and high standard deviation. Standard deviation in this study denotes asset risk.  
 
There are many combinations of asset weight obtained. All of the asset combinations contained in the 
Table 1 are consist of efficient portfolio. All portfolios in the efficient frontier are efficient portfolio. 
Optimal portfolio defined as investor portfolio selected from the efficient portfolio. The optimal portfolio in 
this study is global minimum variance portfolio. This portfolio is generally optimal because it is not 
depending on a certain investor preference. Table 2 contains 20 portfolios weight combinations in the 
efficient frontier. 
 
Table 2. Efficient portfolios combination: 
Portfolio Assets 
 ADRO ANTM CTRA EXCL ICBP INCO KLBF PGAS PTBA 
1 0,0000 0,0265 0,0000 0,3027 0,3721 0,0337 0,1389 0,0000 0,1261 
2 0,0000 0,0032 0,0000 0,3162 0,3804 0,0611 0,1155 0,0000 0,1236 
3 0,0000 0,0000 0,0000 0,3276 0,3912 0,0869 0,0761 0,0000 0,1181 
4 0,0000 0,0000 0,0000 0,3387 0,4023 0,1125 0,0343 0,0000 0,1122 
5 0,0000 0,0000 0,0000 0,3456 0,4073 0,1433 0,0000 0,0000 0,1038 
6 0,0000 0,0000 0,0000 0,3338 0,3841 0,1980 0,0000 0,0000 0,0841 
7 0,0000 0,0000 0,0000 0,3220 0,3609 0,2526 0,0000 0,0000 0,0644 
8 0,0000 0,0000 0,0000 0,3220 0,3378 0,3073 0,0000 0,0000 0,0448 
9 0,0000 0,0000 0,0000 0,2984 0,3146 0,3620 0,0000 0,0000 0,0251 
10 0,0000 0,0000 0,0000 0,2866 0,2914 0,4166 0,0000 0,0000 0,0054 
11 0,0000 0,0000 0,0000 0,2672 0,2595 0,4733 0,0000 0,0000 0,0000 
12 0,0000 0,0000 0,0000 0,2449 0,2243 0,5308 0,0000 0,0000 0,0000 
13 0,0000 0,0000 0,0000 0,2227 0,1890 0,5883 0,0000 0,0000 0,0000 
14 0,0000 0,0000 0,0000 0,2004 0,1538 0,6457 0,0000 0,0000 0,0000 
15 0,0000 0,0000 0,0000 0,1782 0,1186 0,7032 0,0000 0,0000 0,0000 
16 0,0000 0,0000 0,0000 0,1560 0,0834 0,7607 0,0000 0,0000 0,0000 
17 0,0000 0,0000 0,0000 0,1337 0,0482 0,8181 0,0000 0,0000 0,0000 
18 0,0000 0,0000 0,0000 0,1115 0,0129 0,8756 0,0000 0,0000 0,0000 
19 0,0000 0,0000 0,0000 0,0633 0,0000 0,9367 0,0000 0,0000 0,0000 
20 0,0000 0,0000 0,0000 0,0000 0,0000 1,0000 0,0000 0,0000 0,0000 
 
The GMVP or minimum variance portfolio obtained from optimization of Markowitz model using 
quadratic programming contained in the Table 3.  
 














Based on the computation, it is obtained that ADRO, CTRA, and PGAS have no weight contribution 
in the portfolio because the three stocks have high value of standard deviation and low expected return. 
Hence, the stocks are not suitable to be in the portfolio. ICBP has the biggest allocation in the portfolio, 
because it has the lowest value of standard deviation and the third highest expected return among the stocks 
in the portfolio. EXCL has the second biggest allocation in the portfolio, because it has the second highest 
expected return and standard deviation. ANTM has the smallest allocation in the portfolio because the 
standard deviation is in the fifth rank and the expected return is in the sixth rank. In other words, the 
standard deviation is quite high for its expected return. Table 3 shows that the GMVP with no short sale 
constraint is the first portfolio in the Table 2. 
 
Assumed that Rp.100.000.000 is given to build GMVP portfolio with no short sale constraint, then 
the asset allocation is like the following illustration. 
 
Table 4: Illustration of GMVP asset allocation 
Assets  Allocation 
ADRO Rp. 0 
ANTM Rp. 2.650.000 
CTRA Rp. 0 
EXCL Rp. 30.270.000 
ICBP Rp. 37.210.000 
INCO Rp. 3.370.000 
KLBF Rp. 13.890.000 
PGAS Rp. 0 




Figure 1. Chart of GMV portfolio with no short sale constraint 
 
Table 5 contains expected return and standard deviation of portfolios corresponding with Table 2. The 
GMVP with no short sale constraint (portfolio 1) has the lowest standard deviation and lowest return in the 
efficient frontier. It means that the portfolio 1 has the lowest risk due to minimizing the variance. Table 5 
shows that the expected return of portfolio 1 is 0,0005 which is the smallest expected return value in the 
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efficient frontier. While the standard deviation of portfolio 1 is 0,0106. It is also the smallest value of standard 
deviation in the efficient frontier.  
 
Table 5: Expected return and standard deviation of efficient portfolios 
Portfolio Expected Return Standard Deviation 
1 0,0005 0,0106 
2 0,0005 0,0106 
3 0,0005 0,0107 
4 0,0006 0,0109 
5 0,0006 0,0111 
6 0,0006 0,0115 
7 0,0007 0,0120 
8 0,0007 0,0127 
9 0,0007 0,0136 
10 0,0008 0,0145 
11 0,0008 0,0155 
12 0,0008 0,0166 
13 0,0008 0,0177 
14 0,0009 0,0190 
15 0,0009 0,0202 
16 0,0009 0,0215 
17 0,0010 0,0229 
18 0,0010 0,0242 
19 0,0010 0,0256 
20 0,0011 0,0270 
 
Building portfolio with quadratic programming also done by S.G.Filrissa, J.Titaley, and T.Manurung, 
but the result still contains negative weight of asset in the portfolio [16]. The positive allocation in building 
portfolio also cannot be obtained with matrix approach [8]. This study aims to build GMVP with no short sale 
constraint. This study shows that GMVP with positive asset allocation based on Markowitz model can be built 
by using quadratic programming with interior point method. 
 
 
Figure 3: GMVP with no short sale constraint in efficient frontier 
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4. CONCLUSION 
Research shows that quantitative method in portfolio selection is a fascinating issue to make a decision 
in investment. Quadratic programming solved by interior point methods is a simple method to build a 
GMVP with no short sale constraint. The expected return and standard deviation are two important things 
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